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Small time local controllability of a C’ alline control system, with a generic drift 
vector field and n - 1 linearly independent input vector fields on an n-dimensional 
connected C’ manifold M, is studied, showing that a necessary condition, namely 
the drift vector field belonging to the convex hull of the control vector fields at the 
given point, is also sufficient on an open dense subset H’ of the set of points where 
it is verified. Local controllability at the points in the interior of ?? is also con- 
sidered when the input vector fields generate an involutive distribution, and a 
criterion based on the type of contract of H with the hyperplane spanned by the 
input vector fields is proved. An example shows a situation where the sufficient con- 
dition for small time local controllability of H. Sussmann [SIAM J. Control Option. 
25 (1987), 158-1941 cannot be applied, but in which the method now presented 
distinguishes the possible cases. ‘a 1991 Academic Press, Inc. 
1, INTRODUCTION 
There is an extensive literature on the local controllability of nonlinear 
control systems on smooth or analytic connected manifolds M, for the 
most part concerning affine systems C of the form k==f(x, U) = 
X(x) + x; u,x’(x) with u E Sz c R”, and where X and X’ are smooth 
(analytic) vector fields on AL 
Here we take s = n - 1, the manifold M and the vector fields X and X’ 
as C’, verifying in addition: 
1. The vector fields {A”, . . . . A”-‘} are linearly independent every- 
where. 
2. a=[-cfl, +a,] x ... x [--cI,-~, +@,-,I with LX,ER+. 
We always assume the class of admissible controls to be the space of 
piecewise constant maps from an interval [O, T], TE R+, and arbitrary, 
into Q. 
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The usual higher order criteria for nonlinear control systems consider 
just the critical points of X, and are applicable only in the smooth or 
analytic case, or at least it is impossible to know a priori the order of 
differentiability needed, since they explore the structure of the Lie algebra 
generated by the associated vector fields [9]. 
In this paper a more geometric approach is proposed, similar to the one 
already used in [l] for systems with unbounded controls, and in [2, 31 for 
systems on two or three dimensional manifolds: we study the relative 
geometry of the drift vector field X and the input vector fields Xi, specially 
the set H where X(p) belongs to the hyperplane Y(p) defined by 
X’(P), .a., x”- ‘(P). 
It is well known that X(~)E Y(p) is a necessary condition for local 
controllability. It is also well known that the absolute values of the com- 
ponents ai of X in the basis defined by the vector fields Xi, at the points 
of H, have to be less than or equal to the bounds tli of the controls. 
We show that for generic systems we have small time local controllability 
at p if ] ai l(p) < ai and the hyperplane Y(p) is not tangent to H. At the 
points of tangency for systems with involutive input vector fields, we prove 
that small time local controllability depends of the type of contact of H 
with F. 
An example concerning a very simple control system in R3, depending on 
a real parameter a, is discused. From our results it follows that the system 
at the origin is small time locally controllable if a < 0 and not locally con- 
trollable if a > 0, but the generalization of the Hermes conjecture proved by 
Sussmann [9] is applicable only when a = - 1, and provides no informa- 
tion otherwise. 
2. BASIC RESULTS AND DEFINITIONS 
The set A(p, U, T) of the points attainable from p in up to time T 
without leaving U is defined as the set of points p’ such that there exists a 
continuous piecewise C’ map c : [0, t*] + U verifying: 
1. c(0) =p, c(t*) =p’ with t* E: R+, and t* < T. 
2. It,, t,, . ..) t, such that 0 = t, c t, c ... ct,=t* and in ]tiwl, ti[ 
the map c is an integral curve of some vector field in D. 
Two sets will be specially important: the set A@, U) = UTSo A(p, U, T) 
of the points attainable from p in positive time without leaving U, and the 
set A(p, T) = A(p, M, T) of the points attainable from p in time less than 
or equal to T. 
A control system C is said to be (small time) locally controllable at 
p E M if for every neighbourhood U of p the set A( p, U) (A(p, T), for any 
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positive T) contains p in its interior. It is clear that small time local 
controllability implies local controllability when the controls are bounded, 
but the converse is not necessarily true. 
In the context of finite families D of vector fields, we have [5, 8 J: 
THFDREM 1. Zf the origin belongs to the convex hull co D, let 
V(p) c T,M be the unique subspace of maximal dimension such that the 
origin belongs to the interior in V(p) of V(p) n co D. Then D is small time 
locally controllable at p E M tf0 E T,M belongs to the interior of the convex 
hull of D(p) = (X’(p), i= 1, . . . . n} (i.e., V= T,M) and is not locally control- 
lable if0 does not belong to the convex hull of D(p). 
We say that X is transverse to I, denoted Xiii F-, if as a map 
X: M-r TM it is transverse to the the submanifold F c TM. Abusing 
notation, we will denote by the same symbol F a distribution on M, a sub- 
manifold of TM, and a section of the Grassmanian G,,- r(M), formed by 
all the hyperplanes in the tangent space at every point of M; the correct 
interpretation will be clear from the context. 
The set H where XE F is the inverse under X of the submanifold F-; if 
Xi6 F this will be an empty set or a codimension 1 submanifold of i&f, i.e., 
near any of its points, H is a hypersurface. D is not locally controllable on 
M-H. 
3. LOCAL CONTROLLABILITY 
At any point p E H, the vector field X is a linear combination of the 
vector fields x’; denote by a,(p) the coefficients involved. Let H’ be the 
open subset of H where the hyperplane F(p) is not in the tangent space 
T, H, and ) ai(p11< ai. 
If p is not in H’ then either X(p) is not in F(p) or for some i we have 
1 ai ( > ai; in any of these cases the origin is not in the convex hull of the 
associated vector fields, and therefore 2 is not locally controllable at p. 
THEQREM 2. Let C be a C’ affine control system such that 
l The input vector fields span a hyperplane 9 everywhere. 
l XiiiY. 
Then C is small time locally controllable at every p E H’. 
Proof Let p belong to H’. Choose a line L in H passing through p, 
with tangent at p not in the hyperplane F(p) and parametrize it by 
Y” + Y(Y.) with y(O)=p; choose vector fields Y’, . . . . Ynel in 
{X+C+a,X’} so that {Y’, . . . . Y”- ‘, X} form a positive basis for F at p; 
LOCAL CONTROLLABILITY 391 
i.e., any vector in y(p) can be written as a linear combination of them 
with nonnegative coefficients. If X(p) E T,H we can take X+ 6X’ with 
small positive 6 in what follows. 
We define new local coordinates (y,, . . . . y”) in a neighbourhood of p 
using the map 
WY) = y:, o . . . o y;“y311(y(YA 
where Yi, denotes the flow of r’ at time yi. GJ is a local diffeomorphism 
around the origin. 
In these new coordinates p becomes the origin, and one easily verifies 
that Y=8/8yiony,= U..=yi-l=OandF(p)={y,=O}. 
Since X is not tangent to H, its trajectory /I(t) = X,(p) through p has 
a second order type of contact with y, =O, i.e., /I,(O) = b,(O) =0 but 
/x(O) z 0. 
Let r be a vector field defined near p such tat 5. F = 0 in the local 
coordinates we are using. Then X being transverse to 5 is equivalent to 
f(y) = t(y) .X(y) being identically zero, but with nonzero differential, on 
H; since X(p) 4 TP H we have 
f@)=O, df(O)X(O)#O. 
In these coordinates, the inner product by 5 is arbitrarily C1 close to the 
inner product by e,, taking small enough neighbourhoods of the origin, 
and ((0) = e,; therefore we have 
X,(O) = 0, 2 (0) X(0) # 0 
and as 
~(O)=X,(D), 3 (0) + (0) X(0) 
we see the contact is of second order. 
Thus B(t) = X,(P) crosses a fixed plane y, = E on one side of y, = 0, say 
E positive and small, in two points corresponding to a positive and a 
negative t, say t + and t -. 
Let X,+(p) =y+ = (y:, . . . . Y,+_,,E) and X,-(P)=Y-=(Y;,...,Y,,,E); 
then: 
X,-(p) = Y;; 0 . . . 0 Y;,; 0 Y-i- 0 . . . 0 Yyy; (X,+(p)). n I 
Note that y; > 0 and y,? < 0; thus p is normally accessible from itself 
along trajectories of Z, and therefore Z is locally controllable at p [7,4). 
Small time local controllability follows from the fact that the number of 
changes of vector field is independent of E, and the times involved tend to 
zero with E. 
392 J. BASTO GONCALVES 
We denote by H” the set of points in H defined by Fr H’ n int H’, where 
the topological operations are considered in the relative topology in H. The 
set H” can also be defined by 
H”= {~EHIT,H=Y-, lai(p)(<crii. 
It is clear that, under the assumptions of Theorem 2 above, H” is a discrete 
set of points (or empty) if we impose the extra condition: Y 5 TH taking 
Y as a section of the Grassmannian G,,- r(M) and considering TH as a 
submanifold of G,, _ r(M). 
Assume that M and C are C2 and the Lie bracket of any two input 
vector fields is still in Y, i.e., the distribution Y is involutive; then its 
leaves are C2 submanifolds [6]. 
Under these conditions, the contact of H with the integral submanifolds 
of Y is nondegenerate, and therefore of second order, at every point of 
H”= {p~HlF(p)= T,H}. W e can choose new local coordinates y 
around p E H” such that: 
1. y(p)=09 
2. F(y)=y+ {yn=O}, 
3. dy,(X’) = 0, 
4. H is the graph of a map 
Y, = MY, > .. . . y,-,)=yT+ .‘. +y;-,_,-y;-,- ... -y:-1. 
The integer k is the Morse index of H at p. 
THEOREM 3. Let C be a C2 affine control system such that 
l The input vector fields span a hyperplane 5 everywhere. 
l F is involutive as a distribution on M. 
l xiiir. 
l FiiiTH. 
Then: 
1. C is small time locally controllable at p E H” if its Morse index 
k#O, n-l. 
2. .Z is not locally controllable at p E H” if its Morse index k is either 
Oorn-1. 
Proof In the above coordinates, we have 
KY)=~,(yW(y)+ ... +e,l(Y)x”‘(Y)+c.(Y)~ 
n 
PEH*~,(P)=O ai=tiIHi=l,...,n-1. 
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Suppose the Morse index is 0 or n - 1; then H is contained in ( y,, > 0) or 
{ y, GO}. In any case, the vector field X on { y, = 0) points always to the 
same side, i.e., t,(y,, . . . . yn _ 1, 0) has constant sign, say t,> 0; then the half 
space ( y, 2 0} is positively invariant for every associated vector field, and 
we cannot have local controllability. 
If the Morse index is different from 0 and n - 1, the curve y given by 
yn=y1,y2= *.. =y,_ i = 0 is contained in H n F(p). Since the origin is 
contained in the interior relative to the hyperplane F(p) of the associated 
vector fields at every point y E y n U, for some neighbourhood U around p, 
we can find real C’ functions u,(y), with lui(y)I <txi, i= 1, . . . . n- 1, 
defined for yEyn U such that X(y)+ul(y)X1(y)+ .a. +u,-,X’-‘(y) is 
always nonzero and tangent to y. We can extend ui to a tubular 
neighbourhood V of y n U by taking ui constant along the libres. 
We have then defined a vector Z on a neighbourhood V of p, which is 
admissible for L and such that its trajectory through p is contained in y. 
We can assume Z has no critical points on V. Similarly we can define new 
controls ui on V such that Z and Z’ =X+v,X’+ . . . +u,-,J?-’ point 
into opposite directions on y n U and Z’ has no critical points in V. 
At every point y in H’, and a fortiori y E y n U different from p, the 
system C is small time locally controllable: given any positive time T and 
neighbourhood V of y, there exists a neighbourhood WY c A(y, T, V). 
Take r+ >O such that p+ = Z,+(p) isinynuandletr-<Obedetined 
by Z:-(P) = Z,+(P). 
Clearly Z-,-( W,+ ) is a neighbourhood of p reachable from the point p 
itself without leaving V in a time less than r + + T - z - ; as all these times 
can be taken as small as desired, C is small time locally controllable at p. 
4. EXAMPLE 
We are going to consider control systems defined on an open subset of 
R” satisfying the conditions of Theorem 3, and we assume that Xi = d/ax, 
for i= 1, . . . . n - 1. 
Then H= (pl~,(p)=O} where X=(ti,...,<,); XiliF is equivalent to 
d&, # 0 on H and F ifi TH is equivalent to the non-singularity on H of 
en . . . 
axlax,-, 
. . . : 1 ' 825, ax:-, 
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or equivalently, the equations 
are nondegenerate. 
EXAMPLE 1. Let M= R3, and 
X=(z-x2-uy’)-$ X1=&, p=z 
3Y’ 
u, = c!2 = 1. 
We want to study local controllability at the origin. 
It is easy to see that the conditions of Theorem 3 are verified if a # 0, and 
therefore we have small time local controllability if a <O and no local 
controllability if a > 0. 
As the system is C”, even analytic, we can try to apply the sufficient 
condition proved by Sussmann [9]. 
Given any iterated Lie bracket expression E involving X, X1, and X2, let 
n, n,, and n2 be the their respective number of occurrences; the degree of 
E is Bn + n, + n, where 0 is a fixed but arbitrary real number in [O, 11. 
Then we have small time local controllability at p if, given any expression 
E with n, + n2 even and n odd, it is possible to express E(p) + aE(p) as a 
sum of expressions of smaller degree evaluated at p, where g is the 
permutation interchanging 1 with 2 and aE is obtained from E by inter- 
changing X’ with X2 [9]. 
A trivial computation shows 
(ad’ X, Xi)(O) = 0, j > 1 
(ad* X1, X)(O) = -2 i 
(adzX2, X)(O) = -2a i, 
where (adjY, 2) is defined inductively by (adoY, Z) = Z and (ad’ Y, Z) = 
[Y, (ad’-‘Y, Z)]. 
To be able to use that sufficient condition, we need to express 
(ad* X1, X)(O) + (ad2X2, X)(O) = - 2( 1 + a) i 
as a linear combination of terms of smaller degre, i.e., of degree less than 
2 + 8; these terms are just X, X1, X2, and (ad’ X, Xi)(O) =O, j> 1. From 
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the results above, we see that this is possible only if a = - 1, as then 
(ad* X1, X)(O) + (ad* X2, X)(O) = 0. 
Thus the results of [9] are conclusive just for a= - 1, ensuring small 
time local controllability, but give no answer for the other cases; in par- 
ticular, they do not distinguish the situation where a < 0 and we have small 
time local controllability from a > 0 and no local controllability. 
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